Abstract. We construct some nonsmoothable actions of Z2 × Z2 on spin four-manifolds by using an equivariant version of Furuta's 10/8-inequality. The examples satisfy following property: any proper subgroup of Z2 × Z2 is smoothable for some smooth structure.
Introduction
In 4-dimentional topology, it is well known that there are many differences between the smooth category and the topological category since Donaldson introduced gauge theory in 1980's. It is also the case with group actions on 4-dimentional manifolds. For instance some applications of the Yang-Mills theory to group actions are found in [7, 12, 14] and those of the SeibergWitten theory in [2, 3, 8, 9, 15, 16] (A good general reference is Edomonds' survey [4] ).
In particular K. Kiyono constructed non-smoothable group actions on most of closed spin topological 4-manifolds for cyclic groups with sufficiently large arbitrary prime orders. Kiyono made use of the construction of locallylinear cyclic group actions due to Ewing-Edmonds.
N. Nakamura constructed a subtle example : a locally-linear action of Z × Z on a 4-manifold, which is homeomorphic to the connected sum of Enriques surface and S 2 × S 2 , such that the actions of the subgroups Z × {0} and {0} × Z are smooth for some smooth structure on the manifold respectively while the action of the whole group Z × Z is not smooth for any smooth structure.
In this paper, we construct some action of Z 2 × Z 2 on a family of spin 4-manifolds which satisfy a similar property. Theorem 1.1. For positive integers l 1 , l 2 , k with l 1 ≥ 3k, l 2 ≥ 3k, k ≥ 1, there is a locally linear action of Z 2 × Z 2 on X = (2l 1 + 2l 2 + 1 − 6k)(S 2 × S 2 )♯4k(K3) such that the action of each proper subgroup is smooth for some smooth structure but the action of the whole group is not smooth for any smooth structure.
Our construction is rather elementary in the sense that we do not use Ewing-Edmonds' construction.
To show the nonsmoothability part of the above theorem, we apply an equivariant version of 10/8-theorem which we prove using the Seiberg-Witten theory. J. Bryan [2] and C. Bohr [3] already used some equivariant versions of the 10/8-theorem [6] to obtain some results on group actions. They used the group actions preserving spin c structure. In our equivariant setting, the group action is not assume to preserve spin c structures. Nakamura gave a slight generalization of the Seiberg-Witten theory in [10, 11] and his generalization is constructed for a 4-dimentional manifold with a free involution which is not necessarily preserving spin c structure. We generalize Nakamura's formulation for involution which is not necessarily free.
The organization of this paper is as follows. In Section 2 we state the equivariant version of the 10/8-theorem. In Section 3 we construct the examples of nonsmoothable actions. In Sections 4 we recall some basic properties of the Seiberg-Witten equations and a class of involution which is called odd involution. In Section 5 we prove our main theorems.
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Main Theorems
Let X be a smooth oriented closed 4-manifold and Q the intersection form which is defined on H 2 (X; R). Let σ(X) be the signature of Q. We assume σ(X) ≤ 0. Suppose ι is a smooth involution on X. Let I be the involutive homomorphism on the cohomology groups of X defined by
Let H k (X; R) I be the I-invariant part of H k (X; R) and Q I be the restriction of Q to H 2 (X; R) I . We denote by b I + (X) the maximal dimension of positive definite subspaces for Q I .
We use the following definition.
Definition 2.1. Let X be a smooth spin 4-manifold, P → X be the principal Spin(4)-bundle for the spin structure and ι : X → X be a smooth involution on X preserving the spin structure. We call that ι is odd if ι : P → P , a lift of ι, satisfiesι •ι = −1 and even ifι •ι = 1.
In the above definition, if X has two smooth structures for both of which ι is smooth, then the parity of ι does not depend on the smooth structures.
The following lemma is well known. See Lemma 4.2 for an explanation.
Lemma 2.2. Let X be a smooth spin 4-manifold and ι be a smooth involution on X preserving its spin structure. Assume that the fixed point set X ι of ι is non-empty. If X ι has a 2-dimensional component then ι is odd, and if X ι has a 0-dimensional component then ι is even.
One of our main theorems is:
Theorem 2.3. Let (X, s) be a smooth closed oriented connected spin 4-manifold with spin structure s and ι : X → X be a smooth odd involution on X preserving the spin structure s. Suppose σ(X) ≤ 0. Then the following inequality holds
Suppose we have two involutions ι 1 and ι 2 on X which are mutually commutative. Then they give an action of Z 2 × Z 2 . They also give the involutive homomorphisms I 1 and I 2 on the cohomology groups of X defined by
for j = 1, 2 and k = 0, 1, 2, · · · . Let H k (X; R) I 1 ,I 2 be the I 1 , I 2 -inariant part of H k (X; R) and Q I 1 ,I 2 be the restriction of Q to H 2 (X; R) I 1 ,I 2 . We denote by b
(X) the maximal dimension of positive definite subspace for Q I 1 ,I 2 .
Our second main theorem is:
Theorem 2.4. Let (X, s) be a smooth closed oriented connected spin 4-manifold with spin structure s and ι 1 and ι 2 be two commutative odd involutions preserving the spin structure s such that their composition ι 1 •ι 2 = ι 2 •ι 1 is an even involution. Suppose σ(X) ≤ 0. Then the following inequality holds
Here D is the Dirac operator and I 1 • I 2 is a lift of ι 1 • ι 2 on the positive and negative spinor bundles which will be explained in Subsection 4.2, and we define
where the traces are defined to be those for real vector spaces.
In particular when ι 1 = ι 2 , since I 1 • I 2 = ±id, we have |index
When ι 1 is not equal to ι 2 , the fixed point set X ι 1 •ι 2 is isolated. For a fixed point x ∈ X ι 1 •ι 2 , the action of I 1 • I 2 on the fiber of the positive spinor bundle at x is either +id or −id. We call x a positive fixed point if it is +id, and negative fixed point if it is −id. For a positive fixed point x, the action of I 1 • I 2 on the negative spinor bundle at x is −id. For a negative fixed point, it is +id. Let n + be the number of the positive fixed points, and n − the number of negative ones. The Lefschetz formula for the equivariant index of elliptic operator [1] implies:
Examples of nonsmoothable actions
In this section we explain how to construct nonsmoothable actions, assuming our main theorems. We have two types of examples of the nonsmoothable actions. The first one is an example of nonsmoothable Z 2 -action. The second one may be more interesting than the first one : it is an example of nonsmoothable Z 2 × Z 2 -action such that each of the restricted action to any proper subgroup is smoothable for some smooth structure.
3.1. Z 2 -actions. Let ι 0 be a smooth diffeomorphism on S 2 × S 2 defined by
The fixed point set of ι 0 is {(0, 0, 1), (0, 0, −1)} × S 2 , which implies ι 0 is an odd involution. See Figure 1 . This simple Z 2 -action plays a role of building block in construction of our nonsmoothable actions.
Next we take a connected sum of several copies of ι 0 's in the following way. Around a fixed point, ι 0 locally looks like the following involution i 0 on R 4 .
Now we consider taking a connected sum of two copies of i 0 at the origins. Let i ′ 0 be the restriction of i 0 to the complement of the open unit ball in R 4 . Take two copies of i ′ 0 . These two involutions on A := {x ∈ R 4 | x ≥ 1} agree on boundary ∂A = S 3 , so we can define an involution on A ∪ S 3 A such that equal to i 0 on two A's. We denote it by i 0 ♯i 0 . See Figure 2 .
Similar to the above construction, we take a connected sum of two ι 0 's at fixed points. As in the previous construction we further take a connected sum of l-times copies of ι 0 's, which we denote by ♯ l ι 0 . See Figure 3 .
The last step of the construction is as follows. First, we define an topological involution κ on ♯ k (−E 8 ) ♯ k (−E 8 ) as exchange of their components.
Second, we take the connected sum of κ and ♯ l ι 0 . Take a point p ∈ ♯ l (S 2 × S 2 ) outside the fixed point set of ♯ l ι 0 and remove small open balls B p and B ′ p around p and ♯ l ι(p). Similarly take a some point q in
and remove small open balls B q and B ′ q around q and κ(q). Now we have two involutions on
, where ∼ = stands for the homeomorphisms, which are obtained as restrictions of ♯ l ι 0 and κ to the boundaries of their domains. These two coincide as involutions on S 3 S 3 because these are both exchanging the components. So we obtain an involution ι on ♯ l (S 2 × S 2 )♯(♯ 2k (−E 8 )) which is the connected sum of ♯ l ι 0 and κ. See Figure 4 . Now we show that ι is a nonsmoothable Z 2 -action when k is grater than or equal to 1.
Notice that X has a smooth structure if l ≥ 3k.
Proof. Suppose that ι is smoothable and consider the smooth structure on X for which ι is smooth. Since X is simply connected it has a unique spin structure s. Since ι is smooth, odd, and preserving s, Theorem 2.3 implies the inequality
On the other hand a simple calculation shows b I + (X) = 0 and −
The construction of the second example is similar to the first one. Define another smooth involution
The fixed point set of ι ′ 0 is S 2 × {(0, 0, 1), (0, 0, −1)}. We first take connected sum of five copies of ι 0 on five copies of S 2 × S 2 . We denote these five S 2 × S 2 's equipped with the action of ι 0 by S 0 , S 1 , S 2 , S 3 and S 4 respectively. We connect S 0 , S 1 and S 2 at fixed points of ι 0 , and S 0 , S 3 and S 4 at fixed points of ι ′ 0 as in the previous subsection. Remark that the point p 1 in S 0 that connects to S 1 and the point p 2 in S 0 that connects to S 2 are exchanged by the action of ι ′ 0 . If we define p 3 and p 4 in a similar way, they are exchanged by ι 0 . Then we can define commutative two involutions on S 1 ♯S 2 ♯S 3 . One is equal to ♯ 3 ι 0 defined as before on (♯ 5 k=0 S k ) \ {p 3 , p 4 } and exchanges S 3 and S 4 . The other is defined similarly and it is equal to ♯ 3 ι ′ 0 on (♯ 5 k=0 S k ) \ {p 1 , p 2 } and exchanges S 1 and S 2 . Using an abuse of notations we denote these involutions by the same notations ♯ 3 ι 0 and ♯ 3 ι ′ 0 respectively. See Figure 5 . Similarly we take connected sum of 2l 1 +2l 2 +1-copies of S 2 ×S 2 and define commutative two involutions ♯ 2l 1 +1 ι 0 and ♯ 2l 2 +1 ι ′ 0 . Set Y := ♯ 2l 1 +2l 2 +1 (S 2 × S 2 ) In other words, we have a group action ρ : Z 2 × Z 2 → Diffeo(Y ) so that ρ(1, 0) = ♯ 2l 1 +1 ι 0 and ρ(0, 1) = ♯ 2l 2 +1 ι ′ 0 . The last step of the construction is to take connected sum of Y and four copies of k(−E 8 ). We denote four copies of k(−E 8 ) by W 1 , W 2 , W 3 and W 4 respectively and set Z := 4 k=1 W k . We define λ : Z 2 × Z 2 → Diffeo(Z), an action of Z 2 × Z 2 on Z, as follows. The action of λ(1, 0) exchanges q around q, λ(1, 0)(q), λ(0, 1)(q) and λ(1, 1)(q). Then we have two Z 2 × Z 2 -actions on
induced by ρ and λ, and these two agree. So we can define a Z 2 × Z 2 -action on X := Y ♯ 4 k=1 W k which is equal to ρ on Y \∪ 4 k=1 B k p and λ on Z\∪ 4 k=1 B k q . We write this involution σ and define two commutative involutions on X as ι 1 := σ(1, 0) and ι 2 := σ(0, 1).
We show that ι 1 , ι 2 and ι 1 • ι 2 are smoothable but σ is nonsmoothable for some parameters. Proof. We show the smoothability of ι 1 . In the construction of the action σ, the homeomorphism class of X is invariant even if we the points p at which take connected sum with W 1 . So we choose p outside the horizontal component of ♯ 2l 1 +2l 2 +1 (S 2 × S 2 ) in the Figure 6 . Then the upper part of X in Figure 6 is homeomorphic to l 2 (S 2 × S 2 )♯2k(−E 8 ) \ smallball and it is homeomorphic to (l 2 − 3k)(S 2 × S 2 )♯k(K3) \ smallball which has at least one smooth structure. a similar is applied to the lower part of X in Figure  6 . So ι 1 is topologically conjugate to the connected sum of two involutions at points outside the fixed point set. One is ♯ 2l 1 +1 ι 0 on ♯ 2l 1 +1 (S 2 × S 2 ) and the other is the exchange of the two components of (l 2 − 3k)(S 2 × S 2 )♯k(K3) (l 2 − 3k)(S 2 × S 2 )♯k(K3). These two involution are smooth for some smooth structures. So ι 1 , their connected sum, is also smooth for some smooth structure on X.
The smoothability of ι 2 and ι 1 • ι 2 are proved in a similar way. Figure 6 .
Proof. Suppose that there exists a smooth structure on X so that ρ is smooth. Since X satisfies b 1 = 0, it has a unique spin structure s. Note that ι 1 and ι 2 are odd, smooth and preserving the spin structure s. The fixed point set of ι 1 • ι 2 is {(0, 0, 1), (0, 0, −1)} × {(0, 0, 1), (0, 0, −1)}. Since this fixed point set is a 0-dimensional submanifold of X, which implies that ι 1 • ι 2 is an even involution. Theorem 2.4 implies
On the other hand a simple calculation shows b
(X) = 0. From Proposition 2.5, index I 1 •I 2 D is calculated by the data around the fixed points, which is reduced to the case for an involution on S 2 × S 2 . Since S 2 × S 2 allows positive scalar curvature metric which is invariant under the involution, index I 1 •I 2 D is equal to 0. So we obtain 0 ≥ k, which is a contradiction if k ≥ 1.
4. An equivariant version of the Seiberg-Witten theory 4.1. A review of the Seiberg-Witten theory. Let X be a closed oriented spin 4-manifold with a Riemannian metric, and SO(X) be its orthonormal frame bundle. Then, a spin structure s of X is a pair of Spin (4)-bundle P and a map π : P → SO(X) which commutes the following diagram.
where complex structure of H is given by right multiplication. We call the associated vector bundles
. Let ω be the connection on P that is defined to be the pull-back of Levi-Civita connection by π : P → SO(X). Let A be a connection on P of the form A = ω + a for some a ∈ iΩ 1 (X). We denote the Dirac operator twisted with A by
→ Ω 2 (X) and the Hodge star operation * . We define σ : Γ(S + ) → iΩ + (X) by the formula
for (a, ϕ) ∈ iImd * × Γ(S + ).
Remark 4.1. The monopole map SW defined above has a natural extension to a map refined on iΩ 1 (X) × Γ(S + ), which is actually called monopole map. The above map SW is a restriction of the usual monopole map on iImd * × Γ(S + ).
Odd involution.
Suppose ι is an involution on X preserving the isomorphism class spin structure s. Let ι * : SO(X) → SO(X) be the cannonical lift of ι. Then there exists a Spin(4)-equivariant mapι : P → P satisfying the following commutative diagram.
We assume that ι is an odd involution. A sufficient condition for ι to be odd is given by the following lemma. Proof. It suffices to show the relationι •ι = −1 on a fixed point of ι. ι * : SO(X) → SO(X) is locally equivariantly diffeomorphic to the following action around a fixed point in the 2-dimensional component.
Recall that a double covering map Spin(4)
+ ∈ H) ∈ SO(4) In this fomulationι is locally described by
which implies thatι •ι = −1 around fixed points.
We define involutions on three spaces; the space of differential forms iΩ * (X), the spinor bundles S ± and the gauge group G := Map(X, P in(2)). We denote them by the same notation I and define I by the following formula
Sinceι •ι = −1 and j 2 = −1, I is an involution on the spinors. The involutions I : S ± → S ± induces involutions on the space of the sections of spinor bundles Γ(S ± ), we also denote these involutions by I : Γ(S ± ) → Γ(S ± ). Proof. The equivariance of γ : Λ 1 C × S + → S − is shown in the following way Let [u, (x ⊗ a, ϕ + )] be an element of P × Spin (4) 
Similarly we can check the equivariance of σ and D straightforwardly.
Corollary 4.4. the following diagram is commutative and I-equivariant.
It implies that the following diagram is also commutative.
where the I-indexed objects are I-invariant part. And this means that SW I , the restriction of the monopole map SW to the I-invariant part, is P in(2) Iequivariant. And by the definition of the involution I on the gauge group, P in(2) I = j and this is abstractly isomorphic to Z 4 as group. So we have an Z 4 -equivariant map
We call this I-invariant monopole map.
Proof of Main Theorems
In this section we prove Theorem 2.3 and Theorem 2.4. We use the equivariant K-theory and a finite dimensional approximation technique introduced in [6] .
5.1. Equivariant K-theory. We review several facts on equivariant Ktheory, especially, the equivariant Thom isomorphism and tom Diecks character formula for the K-theoretic degree.
Let V and W be complex G representations for some compact Lie group G. Let BV and BW denote closed balls in V and W and f : BV → BW are a G-map presering the boundaries SV and SW . By the equivariant Thom isomorphism theorem, K G (BV, SV ) is a free R(G)-module generated by the Bott class λ V . f induces a map f * :
Let V g and W g be the subspace of V and W fixed by an elemant g ∈ G and let V ⊥ g and W g be the orthogonal complements. Let f g :
denote the restriction of f and d(f g ) be the ordinal topological degree of f g . For any β ∈ R(G) λ −1 denote Σ(−1) i Λ i β. According to Bryan [2] we use the following formula.
Proof of Theorem 2.3. In the previous section, we constructed an Z 4 -equivariant map
is the linear part of I-invariant monopole map SW I and c is the quadratic part of SW I so that SW I = ℓ + c.
The space SW −1 (0) is the moduli space of the solutions to Seiberg-Witten equations. Since we assume that b 1 (X) = 0, SW −1 (0) is compact, which implies (SW I ) −1 (0) is also compact. Take a large R ≥ 0 such that the L 2 3 -ball B(R) with radius R centred in the origin contains SW −1 (0) in its interior.
We take a sufficiently large finite dimensional subspace W of W containing cokernel of ℓ which we identify with the L 2 -orthogonal complement of the image of ℓ. Let V be the inverse image of W by ℓ. Let ψ be composition of the restriction of the SW I to V and the L 2 -projection pr W : W → W i.e. and W ∼ =R m+b ⊕ C n 1 , where Z 4 acts onR by multiplication of ±1 via the surjection Z 4 → {±1}, and on C a by multiplication via Z 4 ∋ a → i a ∈ C * for a ∈ Z, m, n are some nonnegative integer, b = b I + (X), and k = So we obtain
We have a Z 4 -equivariant map ψ C : V C → W C by taking complexification of ψ as ψ C (u ⊗ 1 + v ⊗ i) := ψ(u) ⊗ 1 + ψ(v) ⊗ i. The intersection of the ball B with radius R and the inverse image of ψ C is also compact. So by the same technique in [6] , we have a Z 4 -equivariant map f from a Z 4 -invariant ball BV C in V to a Z 4 -invariant ball BW C in W preserving their boundaries SV C and SW C . Now we apply tom Dieck's formula to f : BV C → BW C . As complex representations of Z 4 , V C is isomorphic to C m 2 ⊕ (C 1 ⊕ C −1 ) n+k and W C to C So we have the required inequality.
